STRUCTURE OF THE UNRAMIFIED L-PACKET 



MANISH MISHRA 

Abstract. Let G be an unramified connected reductive group defined over 
a non-archemedian local field k and let T be a maximal torus in G. Let A 
be an unramified character of T. Then the conjugacy classes of hyperspecial 
subgroups of G{k) is a principal homogenous space for a certain finite abelian 
group Q. Also, the L-packet Tl{ipx) associated to A is parametrized by an 
abelian group R. We show that R is naturally a homogenous space for f2. 
Further, let TTp G ll(ipx)j where p £ R and let [K] denote the conjugacy 
class of hyperspecial subgroup K. Then we show that tt^ 7^ if and only if 
TT^p 7^ where ui £ Q and K^j is any hyperspecial subgroup in the conjugacy 
class ui ■ [K]. 



Introduction 

Let G be a connected reductive group defined over a local field k. The local 
Langlands conjectures predict that the irreducible admissible representations of 
G(fc) can be partitioned into finite sets, known as L-packets, in a certain natural 
way. Each packet is expected to be associated to what is known as a Langlands 
parameter for G. 

Now assume G is unramified, i.e., it admits hyperspecial subgroups. A represen- 
tation of G is called unramified if it has a non-zero vector fixed under some hyper- 
special subgroup of G{k). Unramified representations are of central importance in 
the Langlands program, as almost all local components of global representations are 
unramified. They were the first representations to be grouped into packets and as- 
sociated with Langlands parameters. In this paper, we answer the question of how 
L-indistinguishability is related to the different choices of hyperspecial subgroups. 

Let T be a maximal torus in G contained in a Borel subgroup B, both defined 
over k. A character of T{k) is called unramified if it is trivial on the maximal 
compact subgroup T{k)o of T{k). An unramified character A of T{k) corresponds 
to a Langlands parameter Lp\ of G via the local Langlands correspondence for tori. 
The local Langlands conjectures stipulate what the L-packet associated to 

such a Langlands parameter tf\ has to be. Namely, (see [1] 10.4]) Yl{tp\) should 

G(k) 

consist precisely of those subquotients of the induced representation Ind^|j,jA, that 
are unramified. For a hyperspecial subgroup K of G{k), denote by tk.\ the unique 
subquotient of Ind^^^^A having a K-ftxed vector. It is well known that the choice 
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of K determines a bijection between the group R^p^ of characters of a certain finite 
abehan group R^p^ and the elements of Yi.{Lpx), with the trivial character of R^^ 
corresponding to tk,\- However, this does not tell us which character of R^^ 
corresponds to which representation in !!((/?>). This hitherto unexplored question 
on the finer internal structure of the L-packet is answered by my Theorem [1] (see 
Section [3]) which, given a character p of R^^ , specifies the various hyperspecial 
subgroups K' for which tk'.x corresponds to p. 

Further, it has long been known that the various tk,\ as above are all the un- 
ramified representations of G. This gets sharpened into a parametrization of the 
unramified representations of G when combined with my Corollary [5] to Theorem [T] 
(see Section[5]), which spells out what the relation between pairs (X, A) and {K\ A') 
as above has to be, for tk,x to be isomorphic to tk',\'- 

To put this result in perspective, let us briefly review some history of previous 
work related to this problem. When G is (in addition to being unramified) simply 
connected and almost simple and when A is unitary and unramified, D. Keys showed 
that all irreducible constituents of the principal series representation Ind^|^,j A are 
unramified [Tj sec 4]. Without these extra conditions on G, D. Keys and F. Shahidi 
specified a non-zero Whittaker functional afforded by tk,\ [61 Theorem 4.1]. 

A key idea required in my proof of Theorem [1] is that the Knapp-Stein i?-group 
can be realized as the stabilizer, in a certain subgroup of the affine Weyl group, of 
a point xx in the Bruhat-Tits building of G. This idea develops over the work of 
M. Reeder [11 . Note that we are allowing A to be non- unitary, so the principal 
series representation Ind^|^jA does not, in general decompose as a direct sum of 
irreducible representations. The construction of the L-packet as described in [12] 
is required. 
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1. Notations 

For an algebraic group G defined over a non archemedian local field fc, we donote 
the k points G{k) by G. The complex dual of G is denoted by G. Let Wk denote 
the Weil group of k. Let I = Ik he the inertia subgroup of Wk and let a — ak he 
the Frobenius element in Wk/I- If if is a compact subgroup of G, we denote the 
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set of conjugates of X in G by [K]. If tt is a representation of G, by the expression 
■jyIk] niean that there is a non-zero iiT-fixed vector in the space reahzing 

TT (consequently, for any conjugate £ [if], there is a non-zero if^-fixed vector). 
Let Gad denote the adjoint group of G and let Tad denote the image of T in Gad- 

2. Statement of the theorems 

Let G be an unramified, connected reductive linear algebraic group defined over 
a p-adic local field fc. Let A denote a maximal split /c-torus in G and let T = ZqA^ 
the centralizer of A in T. Then T is a maximal torus in G since G is quasi-split. 
Let B be a Borel subgroup containing T. Let 5* — (X, $, A, X, $, A) be the based 
root datum of {G,B,T). The Frobenius element a induces an automorphism of 
\E' which we again denote by a. Now, the set of conjugacy classes of hyperspecial 
subgroups of G is a principal homogenous space for the finite abelian group Q := 
coker(X'^ — > X^^}, where Xad ■= X{Tad)- The action is defined as follows: (see 
[M] for details) the surjection X{Tad)"' ® K ^ X{A) (g) R gives an action of X^^ on 
the apartment A{A). Let H = {x E A{A)\x is hyperspecial}. Sine G is unramified, 
we may and do assume that the hyperspecial subgroups of G are the stabilizers Gx 
of hyperspecial points x. For t G X'^^ and x € H, define t ■ [Gx] '■— [Gt-x]- Then this 
action is well defined and it makes the conjugacy classes of hyperspecial subgroups, 
a principal homogenous space for Cl. 

Let A be an unramified character of T. To this character, one can associate a 
Langlands parameter (p = ip\. Denote by Tl{ip\) the L-packet assicated to (px- Let 
Sip = Zglm(<y9), the centralizer in G of the image of if and let 5"° be its connected 
component containing the identity. Let Z = Z{G) the center of the dual group. Let 
Rip ■— Sip/S^Z" be the R group defined by Langlands. This group turns out to be 
abelian. The elments of the L-packet ) are parametrized by R^, the group of 
characters of R^p. This parametrization is not canonical, however. It depends on the 
choice of a nilpotent orbit. We fix a parametrization and denote the representation 
corresponding to a character p G R^ under this parametrization by TTp. The main 
result is 

Theorem 1. There exits a canonical surjection ^: Q ~» R^ and 

TT^f^ + ^ <1 + 

/or all uj G Q, p £ Rip where K is a hyperspecial subgroup ofG. Hereuj-p := p+^(w). 

For a hyperspecial subgroup K , a representation of G is called K -spherical if it is 
smooth, irreducible, admissible and contains a non-zero vector invariant under K . 
Write B = TU where U is the unipotent radical of B. if-spherical representations 
have the following explicit description: 
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Define the complex valued function Ak,\ : G — !■ C 

for t G T , u € U and k € K . Here 5 is the modulus function. Put 

Yk,x{9) = / AK,x{kg)dk 

J K 

for g ^ G. Denote by Vjj^j the space of functions / on G of the form 

n 

1=1 

for ci, . . . , c„ in C and gi, . . . , f;„ in G. We let G operate on V^/f] by right trans- 
lations, namely 

{■^[K],xi9)f){9i) = figig) 

for / in Vk.x and g,gi in G. Then it is well known that the representation 
(""[Kl.Ai ^[kj.a) is -ftT-spherical and any X-spherical representation is isomorphic to 
{'^[k],Xj^[k],x) for some unramified character A (see PJ sec. 4.4]). 

For different choices of K, the following corollary of theorem [T] describes the 
condition for the representations {tt[k],Xi ^[k].a) to be isomorphic. 

Corollary 2. {Tr^-,.[K].x,V^^.[K].x) = {'^lo^-[k].x,V^2-[k].x) if and only if C{uJi) = 

C{W2). 

Let p denote any element of C~^(p) for P G Theorem [T] and corollary [2] 

immediately imply the following explicit description of the elements of the L-packet 

n(<^A). 

Corollary 3. The elements of the L-packet Tl{ipx) are {{'^p.[K].Xi^p-[K].x) \ P G 

3. The group fl 

Let * = (X, $, A,X,<&, A) be a based root datum as defined in 1.9]. Let 
W — W{'i') be the Weyl group. Let {a, . . . , a/} be the set of simple roots A. Let 
*^aff = + G n is an integer if ia ^ $ (resp. any odd integer if ^ G $)}. 
Then is an affine root system in the real vector space V — V{'i>) :—M.^X 
(see [ini Theorem 1.2.1]). The Weyl group W acts on V as the group of reflections 
genrerated by ri,...,n where fixes the hyperplace {a; G l/^|ai(a;) = 0)}. The 
basis A determines a particular alcove C in V as follows: let do = X]'=o '^i'^i be 
the highest root with respect to A. Let ao be the affine linear function 1 — cio on 
V and set ap = 1, so that 

cnai = 1. 

i=0 
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Then the alcove determined by A is the intersection of the half spaces: 

C ={xe V\a,{x) > for < i < 

The group W = W <>< X is called the extended affine Weyl group. It contains the 
affine Weyl group W° — W <>< Z$ as a normal subgroup. W acts transitively on the 
set of alcoves in V. Let 

Then 

and therefore fl ^ W /W° = X/Z^. 

4. R-GROUPS AND INTERTWINIG OPERATORS 

Let the notations be as in section [21 Let U denote the unipotent redical of B. 
Then B = TU. The character A of T may be extended trivially across U to define 
a character of B. The induced representation Lid^A is called a principal series 
representation of G. We will abbreviate it by /(A). Let A be a maximal split torus 
in T. Let TV := NqA and let W be the relative Weyl group of G. Then W = N/T. 
Denote by w, a representative of an element w of W. Let B = TU be the Borel 
subgroup opposite to B. Define the usual intertwining operators : 

A{w,X): /(A) ^ I{wX), 

{A(w,X)f){g) ^ f{guw)du. 
J unwUw-^ 

These operators converge in an appropriate domain and they may be analytically 
continued so that they are defined for all unitary A [8j Sec. 2]. Further, they satisfy 
the co-cycle relation 

(4.1) A{wiW2, A) = A{wi,w2X)A{w2,X), 
provided 

(4.2) length('u;i?i'2) — length(wi) + length(u'2). 
Define the normalized intertwining operators 

(4.3) £/{w,X):^^--A{w,X) 

Cw{Xj 

where Cm(A) is the Harish- Chandra c-function. Then with appropriate choices of 
the coset representatives w of the Weyl group elements, the co-cycle relation 

(4.4) ^(iDiW2, A) = £/(wi,u)2A)^(w2, A) 
holds without any condition on the lengths of wi and W2 ■ 
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Let $re; be the relative roots. Then W is the Weyl group associated to ^rei- 
For a £ $rei let Sa denote the reflection associated to a. Define 

A' = {a G ^reil'i^iw, X) is scalar} 

and let W' be the reflection group < Sa\ct ^ A' >. Let 

Wx = {we W\ wX = A}. 

Define 

(4.5) R = R{G, A) = {w G W'\a G A' and a > imply wa > 0}. 
Then 

(4.6) Wx = W' R. 
It follows from p, Thm. 2.4] and [H], 

Theorem 4. Suppose X is an unramified unitary character ofT. Then 

(1) The commuting algebra End{I{X)) of I{X) is isomorphic to the group algebra 
C[i?]. 

(2) R is abelian. 

(3) /(A) decomposes with multiplicity one. 

(4) The irreducible components of /(A) are parametrized by the characters of 
R. 

Let / (A) = © TTp be a decomposition of the pricipal series, where R is the group 

pS-R 

of characters of R. This parametrization is not unique. It depends on the choice 
of normalizations of intertwining operators giving End(/(A)) ^ C[-R]. But any two 
normalizations must differ by a one dimentional character p' of R, i.e., 

£/'{r,X) ^ p'{r)£/{r,X). 

Then if tt corresponds to the character p in the first normalization, then it 
corresponds to the character p + p' in the second normalization. 



5. Image of an unramified character under LLC 

Let T be a torus defined over k. Assume that T splits over an unramifed ex- 
tension k' of k. A character x of T is said to be unramified if it is trivial on the 
maximal compact subgroup To of T. Given t G T{k'), let iy{t) G Hom(X*(T), Z) be 
defined by i'{t)(jn) = ord(m(i)). Then the map t ^{t) induces an isomorphism 
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(see [D Sec 9.5]): 

T/To = X,XTY 

= x*{fY 

= X*{f„). 

Here denotes the co-invariant of T with respect to a. From this we get 

Hom(r/To,C^) ^ Hom(X*(r^),C^) 
(5.1) ^ 

Thus to an unramified character x of we can associate the cr-conjugacy class 
of a semisimple element of T. In fact, this is the image of x under the Local 
Langlands correspondence for tori, 

Hom(r,C><) ^ H\Wk,T) 

infl 

Hom(T/To,C^) f , ^ H\Wk/I,T) 

Also, the orbits of the relative Weyl group W in H^((t, T) are in bijection with the 
(T-conjugacy classes in G (see [1, Lemma 6.4 and 6.5]), i.e., 

H\Wk/I,f)/W ^ (G X a),,/Inn(G). 

Thus, to an unramified character x of T, one can naturaly associate a a-conjugacy 
class of a semisimple element £ T. 



6. Proof of the main theorem 

Assume A to be unitary. Let K he a. hyperspecial subgroup of G. Let Jk G 
be such that fK{^) — 1- Let Px^ik] be the character of R defined by jz/ (r. A) — 
P\,[K] (r) /k- Then 

Lemma 5. 7rj/^' 7^ <;==^ PA.fK] = P- 
Proof. The operators 

(6.1) n = r^E/'W"'-^(^'^) 

are \R\ orthogonal projections onto the invariant subspaces of /(A). Let Up = 
VpU where U is the space of /(A). Then 
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peR 

Since 

■s^ {r, A) Jk = Px,[K] {r) Ik- 

Therefore 

{0 P\,[K] ^ P 
Ik Px\k\ = P-, 

I.e., U^y^O ^ PA,[A-] = p. □ 

Thus, to understand which representation in the L-packet Il{ip\) is spherical for 
which hyperspecial conjugacy class, we need to understand how the charactes P\,[k] 
relate to each other for different choices of conjugacy classes [K]. To give the main 
ideas of the proof quickly, we first prove our theorem for the simplest case when 
G is semisimple, almost simple, simply connected and split and when A is unitary. 
We continue to assume A to be unitary until the end of section 16.41 

6.1. G simple, simply connected and split. Assume G to be unramified, 
semisimple, almost simple, simply connected and split and A to be unitary. The 
local Langlands correspondence for tori induces an isomorphism, 

Honi(T/To,C^) = f. 

The image of the unramified unitary characters under this isomorphism is the 
subtorus i7 = X(g)§ict = X(g)C^. Now tj ^ X (x) R/Z = X ^ R/X. 
Therefore U/W ^ X (g) R/W k X ^ Thus, the LLC induces a natural 

ismorphism }iom{T/To,S^)/W = V{'^)/W. Here denotes the unit circle in C. 
Thus, to a unitary unramified character A, we can naturally associate a semisimple 
element s — sx £ T which corresponds to a point x = x\ in the closure of the alcove 
C(4'). We'll denote fi(*I') by fl whenever there is no ambiguity. Let ft^ denote the 
stabilizer of x in n. 

Proposition 6. There is a natural isomorphism D.^ = R. 

Proof. By ^Jj Prop 2.1], ft^ = ttq (Z^s), the connected component group of the 
centralizer of the semi-simple element s. By [S] Proposition 2.6], ttq (Z^s) = R. 
Thus, il^ = R. Infact, it fohows from the proofs of [TTl Prop 2.1] & Prop. 2.6] 
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that isomorphism is induced by the natural projection W ~» W. We defer these 
details until prop. [8l where we prove our statement for more general groups. □ 

Let P be the co-weight lattice of G. Then the set of conjugacy classes of hyper- 
special points of G form a principal homogenous space for the group P/X. This 
group is in duality with the group fl = X/Z^. Denote by (, ) : (P/X) xfl^ Q/Z 
the pairing between them. Using the last proposition, we can realize i? as a sub- 
group of n by the natural embedding R = fl^ C fl. For r ^ R, and u! G P/X, let 
Plu (^) = e^2iri(w,r) 'pj^gj^ havc a natural surjection fl ^ R given by uj t-^ p^. 
Let Kq be a hyperspecial subgroup satisfying ttq^"' ^ 0. Pick K^^ G cu ■ [Kq] and let 
fui G I{X)^-' be the spherical vector such that f^, (1) = 1. 

Proposition 7. £/{r,X)f^ = p^{r)f^. 

Proof. By [8, Section 4 lemma], one can do a case by case computation to show 
this. The calculations are shown in the section [71 □ 

From the surjection D, ^ R, we get a natural action of f2 on R, namely, for p G i? 
and uj E Q, we let uj ■ p = p + pi^. Let K be a hyperspecial subgroup. Let uj' € Cl 
he such that w' • [Kq] — [K]. Then from lemma [5l it follows: 



7^ <^=^ U ■ p = Pu,'+u> 



P = Pu- 
tt f^^""^ ^ 
i ^ 0. 



6.2. Geometric description of R group in the unramified case. Let the 

notations be as in section [5] We define a new 6-touple: 



Y = 


{Xcr) /torsion 


Y = 


{xy 


S = 


{a\Y- a G 


S = 


{a: a <E S} 


E = 


{a\Y - a G A} 


E = 


{d: a G E}. 



Then by [ISJ, the 6-touple := {Y,S,E,Y ,S,E) is a based root datum. S is 
the set of relative roots of G. Let = V^('^*) and let # = W^kF. By equationl^TTl 
we have Hom(T/To,C^) = T(j. Under this isomorphism, the unramified unitary 
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characters will correspond to the cr-conjugacy classes of the compact subtorus U = 

X (g) of T = X (g) . We have 

U 

Therefore 

tj^/W ^ Y®m./Wi<Y 

By equation 15. 1[ it follows that the class of unitary unramified characters in 
Honi(r/ro, 'C^)/W are in one to one correspondence with the points of V"' /W. To 
the W orbit of A we can therefore associate a point x = x\ in the closure of the 
alcove C„ = C('^*) of V . 

Let ria- :— ri(°'5'). If G is an unramified algebraic group with root datum \1/ and 
Frobeiiius automorphism cr, we will also denote f2('^^') by CIg- 

We have ilcr = Y/ZE. Let fla,x be the stabilizer of x in fl^- 

Proposition 8. The natural projection W ^ W induces an isomorphism 

Proof. Let Wx = {w G W\w • a: = a:} be the stabilizer of x in W. This group is 
finite and its normal subgroup W° , generated by reflections about the hyperplanes 
through X, acts simply transitively on the set of alcoves containing x in their closure. 
It follows that 

Wx = nxtK w° 

and therefore 

(6.2) ^.,x^Wx/W°. 

Let n-.W^Whe the projection map. Let 5 = s x cr. Let N — N^T be the 
normalizer of T in G. Let Sg — Z^S. Let Z = Z{G) be the center of G. Then 
W = N^/f" [ISl Proposition]. Then the proof in [TT] lemma 3.9] shows : 

(6.3) Wx^NnSs/f", 

(6.4) W° ^ NnS°g/{T''y. 

We will include the proofs of 16.31 and 16.41 here for the sake of completeness. Let 
Ws N n Ss/T^ = N'^/T". Then Wg is a subgroup of 1^. If w e Vt^ is the 
projection of an element of Wx then w ■ x — x Y . Let / be the order of a and let 

Pa = r\l + cr + ... + (jZ-i) e End(y) 



^ X (K/Z) 
= X(E)R/X. 
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be the projection onto V"'. Here V ~ V{'^>) as before. Then Y = P^X and 

(6.5) [{l--a)V + X]r\V'' =Y. 

[TH Lemma 3.4 (17)]. There exists therefore, v and y € X such that 

w ■ X — X = {a — l)v + y. 
Setting s = exp(x), t — exp(w), we have 

w{s) = i"V(t)s. 

By [m Proposition], we may choose w G N"' such that w = wT. Then the element 
n = tw belongs to N°' and nT = w. Thus the projection maps into Ws- The 
argument is reversible showing that tt{Wx) = Ws- Finally, since the kernel of tt is 
torsion free and Wx is finite, the map is also injective, completing the proof of l6.3l 
Let Wg = tt{W°). Let Af he the set of affine roots vanishing on the hyperplanes 
passing through x and let A"j: be their vector parts. Then Wg is the subgroup of Ws 
generated by the roots A"} and W^ = NnS^/if^y is the Weyl group W{S^, (1"")°) 

[a 3.5]. 

Let R\ — Ss/SgZ"' . Then Proposition 2.6 in ^ states that there is a short exact 
sequence 

(6.6) l^Nn S°g/{f'')° ^ TV n Ss/T" ^Rx^l 
and R = R\. Therefore 

R ^ {NnSs/T'')/{NnS°g/{f'')°) 

- Wx/w: 

The last isomorphism follows from equation 16.21 This completes the proof of the 
Proposition. □ 

Lemma 9. = coker{X'^ X^^). 

Proof. Let L denote the lattice ZE. We have the short exact sequence 

0^ L^Y ^ Y/L 0. 
Applying the contravariant functor Hoin(— ,Z) to this, we get 

Y ^ Ext^ {Y/L, Z) 0. 

Which implies 

(6.7) Exti(r/L,Z) = L/im(y) 

(6.8) - X:,/im(X-). 
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Also, we have the short exact sequence 

Z ^ Q ^ Q/Z ^ 0. 
Let A be an abehan group. Applying the functor Hom(A, — ), we get 

Honi(A,Q/Z)/im(Honi(A,Q)) = Ext^{A,Z). 
When A is finitely generated, we also have that 

^ im(Hom(yl,Q)) ^ Hom(A,Q/Z) ^ Hom(A*°'', Q/Z) ^ 0. 
Here A*"*" denotes the torsion part of A. From the last sequence, we get that 

(6.9) ^ Exti(A,Z). 
Putting A — Y/L and using equations 16.81 and 16.91 we get 

(6.10) (Y/Lj*°'~ = Exti(y/L,Z) 

(6.11) - X:jim{X'^). 

This completes the proof of the lemma. □ 

6.3. G semisimple simply connected and unramified. Assume G to be un- 
ramified, semisimple and simply connected. Then we can write G as the direct 
product 

G ^ HiX . . .X Hn 

where Hi are semisimple, almost simple, simply connected and unramified. Thus, 
it suffices to prove the result when G is unramified, semisimple, almost simple, 
simply connected. 

Let P be the co-weight lattice of G. Then the set of conjugacy classes of hy- 
perspecial points of G form a principal homogenous space for the group / X'^ . 
By lemma [HI this group is dual to the group 0,^ = Y jl^E (notations as in 16. 2p . 
Denote by (,) : {P" jX") x ^ Q^/Z the pairing between them. By prop. [5] 
R ^ ^a.x- So we can realize i? as a subgroup of fl^. Thus we have a pairing 
(,) : {P'^/X") X Q/Z. For r e R, and uj e P'^/X", let (r) = e~^M'^,r)^ 

Then we have a natural surjection — » R given by w i— > p^j- Denote by [Kq] 
the conjugacy class of a hyperspecial subgroup Kq satisfying ttq^"' ^ 0. Pick 
£ u) ■ [Kq] and let £ I{X)^'^ be the spherical vector such that (1) 1. 

Proposition 10. si{r,X)^^ ^ Puj{r)f^. 

Proof. The proof again is computation like in the split case. It is worked out in 
section [T) □ 

Then from the lemmaO we get that TTp 7^ iff p = pi^. The rest of the proof 
of the theorem in this case is now identical to the split case. 
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6.4. G reductive and unramified. Let G = Z° x (G'''^'^)''^ ^here G'^"'' is the 
derived group of G and {^Q'^'^'^y'^ is its simply connected cover. There is an isogeny 
<r : G ^ G . Let f = Z° X [T'^'^-^y^, Let A be the puh back of the character A of 
T to r . If / G /(A), then / o ((tIq) is a map G — > C and it satisfies the principal 
series condition. Thus, induces 

Q : /(A) ^ /(A) 
a G map of the principal series representations. 

Lemma 11. g is surjective. 

Proof. Let / (resp g) denote the image of an element / G /(A) (resp g G G) under 
p (resp <r) . Let 14^ be a represention of G such that 

J(A) = 7(A) © ly. 

There exists a hyperspecial subgroup i^T of G such that ^ 0. Let ii' be a 

hyperspecial subgroup of G such that K Z} K. Then ^ implies /(A) 7^ 0. 

But dim = 1. This implies W — Q and therefore the claim. □ 

Lemma 12. There is a natural inclusion 

Proof. Let the notations be as in section 16.21 Let Xa (respectively Yo) be the 
subgroup of X (respectively Y) orthogonal to (p (respectively S). Then Y/Yo = 
{X/Xo)a /torsion. We have 

and 

9/?: = {{YIY,)I'LE)'°' = Y/{Yo + ZE). 

[T3l 2.15 (a)]. The surjection Y/ZE {Y/Yo)/ZE induces a map fl^^'' rj|;. 
Let X £ (^o + 'ZE) such that nx G Zi?. Write X = Xo + q where Xo G Fo and 
q G Z^;. Then nx G Zi; imphes nxo G Fo H Z£; = [13, lemma 1.2]. This shows 
that the map is injective. □ 



Since ri^L^ ^ ^^(^Qdcryc , it follows that there is an inclusion 



We then have 
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.12) 



It follows that 



G 



G,x 



(6.13) 



r)tor 

"g 



G.x 



Cltor 
"G,cc- 



By lemma [51 the conjugacy classes of hyperspecial subgroups of G (resp G) is 
a principal homogenous space for ft^^ (resp fi*^''). Let i? = R{G,X). Then by 
proposition [SI rjg''^ ^ R and 17*?'; 5^ R. (note that r^g"^^ = fl^^ and rj*?""^ = r2G,:r) 

Let fJ. ^ p under R ^ R and ui i-^ uj under fi*^'' £7^''. Then from the diagram 
I6.13[ it follows that uj ■ jj. ^ uj ■ p. We have the diagram 



(6.14) /(A) /(A) 

TTp s*- © Tp. 

Let TTp be an irreducible component of /(A). Then it follows from |8] Sec 4, 
Theorem], that there exits a hyperspecial subgroup of G such that irf ^ 0. Let 
if be a hyperspecial subgroup of G such that K D K. Choose ^ f E i(A)^ such 
that /(I) = 1. Then ^ / € tt^ This implies / G TTp and therefore tt^ / 0. Thus, 
Trj/^l 7^ iff Tfjfl ^ 0. Therefore ttJ:;:!,^' 7^ iff TrS-jf' ^ 0. Also, from the statement 
of our theorem proved for the semisimple, simply connected and unramificd groups, 
it follows that Tf^.If 1 7^ iff Tfjf ' / 0. Thus we have shown tt),^' 7^ iff n^'.f^ ^ 0. 

6.5. Non-unitary case. 

6.5.1. Construction of the L-packet. The following construction is given in |12j . 

Let if = (fx he the Langlands parameter attached to the character A. The 
parameter tp determines a commuting pair tpo and (^_|_ such that (po is tempered 
and 
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for all w G Wj, where is the Weil-Deligne group. 

Let /i: T — > be the character attached to ifo by Langlands. Similarly let 
J/: T — ^ be the character attached to Let tt be a uniformizer in k. The 
simple roots (notations as in section l6^ 

E' = {ae E: \v{a{Ti)\ = 1} 

generate a Levi subgroup M of G whose dual group M contains Im(</j) in G. 

Let P — MN be the parabolic subgroup of G with M as a Levi subgroup and 
N C U where U is the unipotent radical of B. Let Um — U (1 M. Then 

T = Indr,7„/i 

is a tempered representation of M which may not be irreducible. Write 

n 
i=l 

where are irreducible. By replacing v , and M with a VF(G, A) conjugate, we 
may assume that 

/(i^, Ti) = IndpTi eg) v 

is in the Langlands setting. The elements of the i-packet are then the uniquie 
Langlands quotients J(z^, r,) of each I{u^Tj) 1 < i < n. i.e., 

Ti{^x) = {J{v,T,)\l<i<n}. 
Lemma 13. There is a natural embedding Q*^f ^ VIq^. 

Proof. We have f^M — Y/1jE' and ilc ^ Y jTLE. So we have a natural surjection 
Pr : rtm fie. Let x G such that Pr{x) = 0. Then we can choose a 

representative x G of x such that nx G Zi?' for some integer n. Write 

X = ^aiai. 

where G Z, G -E and / is an indexing set for E. Write 

nx = Y^ bjaj 

where J C / is an indexing set for E' . Then 

n QiUi + ^^(noj — bj)aj — 0. 

This implies = for z G / \ J and therefor x G 'ZE' , i.e., x — 0. Thus, the 
projection Pr induces an embedding Q.*£f ^ Uq"^. □ 
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By the lemma, we have a surjection ^ : rig"" -+> ^^^l and therefore 



(6.15) I)*?'- O*- 



Rip- 





Let Km be a hyperspecial subgroup of M such that r^^' ^ 0, p e i?,^ and let 
Kq be a hyperspecial subgroup containing some conjugate of Km- 

Claim 14. l{v,Tp)^^ ^ 0. 

Proof- Denote by Up the space realizing Tp and let u be a K]\i fixed vector in Up- 
Let f : G ^ Up he the function defined by 

/(mnk) — 5^^'^{m)Tp[m)u 

where m € M, n N and k E Kq- Then / is well defined and is fixed by Kq. □ 

Lemma 15. J{v, Tp)^° / 0. 

Proof- The Langlangs quotient J(v,Tp) is the image of an intertwining operator 

A{l^, TpW) : I{V, Tp) -> I{WV., WTp) 

for some w eW. To show that J{v,Tp)^° ^ 0, it suffices to show that the image 
of a Kq spherical vector in /(A) under 

A{\w): /(A) ^ I{w\) 

is non-zero. This follows from the calculation done in [7, Theorem-1]. □ 

Li the notations as above, let Tip = J{v,Tp). Let lo e VI^q^ and <D G VI^m be its 
image under ^ : lj ^-^ uj. Then it follows from lemma [T5] and the diagram 16. 15[ 

^ rl^"^''^^! ^ 
^ Trf -1 ^ 0. 

This completes the proof of the main theorem. 

7. Proof of Proposition [71 and [TO] 

7.1. Affine Root Structure. Let the notations be as in sec. 16.21 Further, G is 
semisimple, almost simple, simply connected and unramified. Let A be a maximal 
fc-split torus of contained in T. Let N — NqA be the normalizer of A and let 
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W be the relative Weyl group of G. Then with the notations in sec. 16.21 S is 
the set of relative roots. Bruhat and Tits define ajfine roots S associated to G. In 
the split case or in the case that G is unramified and of type ^^2n-i("- ^ 3) or 
2D„+i(n > 2), 

S = {a + n\a £ S,n ^ Z}. 

AfBne roots can be regarded as affine linear functions x ^ a{x) + n on the vector 
space V{'^'^). Let ha be the hyperplane on which a S S vanishes. Let Sq. be 
the reflection in the hyperplane ■ The affine Weyl group W is generated by the 
reflections Sq, a G E. For a G E, let be the translation SaSa+i- There exists a 
canonical surjection v : N W . Let H be the kernel of v. 

There exists a collection of compact unipotent subgroups Ua of G, a € S, satis- 
fying the following properties (see [9, page 27]): 

(1) xUaX^^ = Ui,i^x)a for X £ N , a eT,. 

(2) Ua C Ua-i, qa = {Ua-1 ■ Ua) is finite and f] Ua+k = {I}- 

feez 

(3) li /3 = -a + r,r>0, then < C/„, Ufi, H UaHUp . 

(4) < Ua,Up,H>^ Uaiy-Hso.)UaUUaHU-a+l- 

(5) If ha and hp are not parallel, i.e., if (3 ^ ±a + r for any r G Z, then the 
commutator group [Ua, Ufj] is contained in < Ura+spl^a + s/3 G E, r, s > 
> . 

(6) Let 5*+ and S~ denote the positive and negative roots respectively in S. 
For each a e S, let U(^a) = U Ua+r- Let [/+ =< t/(Q,)|a G 5'+ > and 

U- =< C/(„)|a G 5*- >. Then U+DMU- = {!}. 

(7) G =< iV,C/a|a G E >. 

Lemma 16. [3 Lemma] Let a be a positive simple root and let fK,\ G ^(-^) the 
K-fixed vector with fxA^) = 1- Then £/{sa,X)fK,\ = Jk^s^x if U(^a) n K ^ Ua 
and £/{sa,X)fK.,x ^ Htay^fK,s^x i/ ?7(q) H X = andqa/2^i- 

7.2. More about the group fl. Let G be semisimple, almost simple, simply 
connected and unramified. Let = {Y, S, E, Y, S, E) be the based root datum 
defined in sec. 16.21 W is the relative Weyl group. Let E = . . . , /?„} where 
f^i, ^ < i < n, are the simple relative co- roots. Let /3o = J27=i ''^iPi be the highest 
co-root. Put /3o = 1 — /3o. Let h — X]r=i -'^ coxeter number and 

put 5o ^ \ I]/3es+ 1^- Recall that Ca = was the alcove in the apartment 

A = y «) R defined by {x G A\j3o{x) > 0, . . . , Pn{x) > 0}. Put no = 1 and give the 
weight Hi to the i*^ vertex of Ca- Then Co — h^^So is the (weighted) baryceiiter of 
Ca- For any w G VF, let w; be the affine map x & A i-^ w{x — Co) -|- Co- It is the 
unique affine map fixing Co with tangent part w. Denote by Q the lattice generated 
by 5. 
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Lemma 17. [H Lemma 6.2] For any w £ W, the following are equivalent : 

(1) W&W \>iY. 

(2) wC, = C 

(3) w{Eo) = where = E LI {Po}- 

(4) w{EU{-I3o})=EU{-^q}. 

Then fl^ — r2(°"^) is precisely the set of those w £ W satisfying these 
conditions and w H> it)(/3o) is a bijection between flcr and 6 Eo\ni — 1}. 
There is an isomorphism l : fl^ — S> Y/Q defined by any of the following 
ways : 

(a) l{w) = {l-w)h-^ + Q. 

(b) l{w) is the image of w under W tK Y ^ {W k Y)/{W « Q) = Y/Q. 

(c) If w ^ and w{/3q) — /3i, i{w) is the i*'' fundamental weight Wi modulo Q. 
For w — \, l{w) — 0. 

7.2. More about the group O. Let the notations be as in sec. 16.21 Further, 
G is semisimple, ahuost simple, simply connected and unramified. Let Kq be a 
hyperspecial subgroup satisfying ttq^" ^ 0. Then Kq determines the choice of an 
origin in the Bruhat-Tits building of G. For K^: e uj ■ [Kq], let f^_\ G 
be the spherical vector such that fuj,\{^) ~ 1- For w £ W, let c\{ijj,w) be the 
coefficient such that {w,X)fuj,\ — c\{Lu,w)fi^_w\- Then c\{uj,w) satisfies the 
co-cycle relation, 

(7.1) cx{uj, W1W2) = c^2-a(w, wi) ■ cx{uj, W2). 

Let x\ denote the point in C(*I') associated to A. Define c\{uj,w) £ Q/Z by 
cx{uj,w) — e-27rjcA(Lj,u))_ 'pjjgj^ c{u},w) Satisfies the cocycle relation: 

(7.2) C\{UJ, W1W2) = Cni2-\{^^, wi) + c\{uj, W2). 

Let C = {x\x is a hyperspecial vertex in C(°'5')}. Then the representatives of the 
conjugacy classes of hyperspecial subgroups can be chosen to be {Ga;|a; G C}. Also, 
the action of fla on the conjugacy classes of hyperspecial subgroups gives a bijection 
f2cr C. We use this bijection to identify Cl^ with C whenever there is no ambiguity. 
By lemma [TCI we have 

A(ta)"Va.,ScA a{uj) = 1 

1 otherwise. 
Therefore 

Cx{u},Sa) = < 

1 otherwise. 
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Here {x\,a) denotes a{x\). Then 

- , , j {x\,a) a{uj) = 1 

Cx[UJ,Sa) = < 

I otherwise. 

For r £ Rx, we calculate cx{uj,r) by using lemma [TBI and show that cx{uj,r) = 
pui{r), thus proving the proposition. 

When G is split, flo- is non-trivial for the cases An, Bn, Cn, -On, Eq and Ei. When 
G is unramified but not split, fio- is non-trivial only for the cases ^A2„_i(n > 3) 
and "^Dn+iin > 2) [TT| table-1, page 29]. The method of calculation of cx{uj,w) is 
the same in all cases. We illustrate the cases below: 



7.2.2. Type An- Let {ei, £2, . . . , en+i} be the standard orthonormal basis of R"+-'^. 
We realize An as a root system in the vector space E where 

n+l 

4=1 

Then $ = {e^ — ej\i ^ j,0 < i,j < n} is the set of roots. Let = — e^+i for 
1 < z < 71. The set A = {ai, . . . , a„} is a fundamental system in <i>. The highest 
root is l3 = ai + ... + an = ei — e„+i. The fundamental weights are {xi, . . . , 
where 

k 

Xk ^ ei+ 62 + ■ ■ - f-k — r(ei + £2 + ■ ■ • + en+i)- 

n + l 

Let iCq be the generator of the 51(4') and let wq be the vector part. Then wq ■ at = 
tti+i for 1 < « < n — 1 and wq ■ = — /3. Write Si for the reflection about 
the hyperplace determined by the root ai. As a product of reflections, wq — 
(12 ... n -I- 1) = S1S2 ■ ■ ■ s„ .Write 

n 

Xx ^ ^ O^iXi 

4=1 

= (6i,52,...,fo„+i) 

for some a.^ G Q and where hi = („^i) ("Qi " 2a2 — ... — (i — l)a.i_i + (n + 1 — 1)0^ + 
. . . + (n + 1 - k)ak + . . . + nan). 

If r e i?A, then r — Wq for some integer d. Then by the cocycle relation [721 we 
get 

Ca(w, Wq) = C^d-l^{uj,Wo) + C^d-2^{uj,Wo) + . . . + Cx{uJ,Wo). 

Let uJi be the i*'* fundamental co-weight, i.e., 0^(0;^) = 6ij. Then it follows 

(7.3) CxiuJ^, W^) = (6, - bn+l) + {h-l -hn) + .... 
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Since wq'^ ■ x\ = xa, it follows that ai — aj iS i — j mod d. From this and the last 
equation, it follow that 

cx{uii,Wq) = {ao + . . . + ad-i){n + 1 - i) 
_ {n + l-i)d 
~ n + 1 

The last equality follows because X)"=o o-i — ^- Now ■ ~ Xd and 

, , {n + I - i)d 

(UJ^,Xd) = — . 

n + 1 

This prooves the result for type A„. 

7.2.3. Type Bn- The dual root sysyem of B„ is C„. Let {ei, £2, . . . , Cn} be the 
standard orthonormal basis of R". Then i?„ root system is given by $ = {±6^ ± 
ej} U {ici}. The co-roots are $ = {ie^ ± ej} U {±2ei}. Let = — e^+i for 
1 < i < n — 1 and q:„ = e„. The set A = {ai, . . . , a„} is a set of simple roots 
in $. The corresponding simple co-roots are A = {di, . . . ,d„} where di — ai for 
1 < i < n — 1 and d„ = 2an- The highest co-root is ^9 = 2(di -f • • • -f d„_i) -I- &„. 
The fundamental weigts are {xi, . . . , x„} where 

Xk = £1 + ■ ■ ■ + Cfc for 1 < fc < n — 1 
a;™ = 2(<^i + • • ■ + + 
Let wq be the generator of the 51(4') and let ioq be the vector part. Then wq ■ di — 
dn-i for 1 < i < n - 1 and wq ■ dn ^ -/3. Thus for y = (j/i, ...,?/„) G M", • 2/ = 
(-y„, -?/„_i, . . . , -yi). As a product of reflections, wq = . . . qSn~2Sn-iqSn^iqq 
where g = s„ . . . si. Write 

n 

X\ — ^ ^ OjtXi 
1=1 

= (61, 62, ••■,&«) 

for some G Q and where bi — ai + . . .-l-a„_i-f ia„. Let wi be the first fundamental 
co-weight. Then wi = ci. Applying lemma [TBI to calculate c{iUi,wo) we get, 

c{u!i,wo) = (ft., di) 

where h = xx + q ■ X\ + Sn-iqq ■ xx + ■ ■ ■■ Thus 

c(a;i,wo) = (ft, £1-62) 
= bi+b„ 

1 1 

= ai + . . . + a„_i + -a„ + -a„ 
(7.4) = ai + ... + a„. 
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Since wq ■ x\ = xx, it follows that Ui = a-n-i for 1 < z < n — 1 and ao = an- From 
this and the relation 

ao + 2(ai + . . . + a„_i) + a„ = 1 
it follows that c{(jj\,wo) = \. Also = \. This completes the case of -B„. 

7.2.4. Type Cn- Then C„ root system is given by $ = {±e, ± e^} U {±26,}. Let 
ai = Ci — ei+i for 1 < i < n — 1 and a„ = 2e„. The set A = {ai, . . . , a„} is a 
set of simple roots in The corresponding simple co-roots are A = {ai, .... (5„} 
where di — at for 1 < i < n — 1 and a„ = ia„. The highest co-root is /3 = 
di -|- 2(0.2 + • • • + otn) = €1+ €2- The fundamental weigts are {xi, . . . , Xn} where 

Xk = ei + . . . + €k for 1 < k < n 

Let Wo be the generator of the O(^) and let wo be the vector part. Then wo-cni = oti 
for 2 < i < n and wq • ai = —$. 

Let be the generator of the ^{'^f) and let wq be the vector part. Then 
Wo ■ cti = di for 2 < i < n and wq • di = Thus for y — {yi, . . . , i/„) e R", 
w'o • y = (-2/1,2/2, • • • , 2/n)- As a product of reflections, wo = si... s„_is„s„_i . . . si. 
Write 

n 

XX = ^ a^£i 

i=l 

= (6i,62,...,6„). 

for some G Q and where bi = ai + . . . + a„_i -|-a„. Let a;„ be the n*'* fundamental 
co-weight. Then ojn = |(ei + . . . + e„_i + e„). Applying the lemma to calculate 
c(w„,u'o) we get 

c{uj„,wo) = {s„-i...Si-Xx,dn) 
= ai + . . . + a„. 

Since wq ■ xx = xx, it follows that ai = for 2 < i < n and ao = ^i- From this 
and the relation 

ao + oi + 2(02 -I- . . . -I- a„) = 1 
it follow that c(w„, Wo) = 5- Also (w„,a;i) = 5. This completes the case of C„. 

7.2.5. TypeDn. 

7.2.6. r?, is odd. If {ei, €2, - ■ ■ , £„} is the standard orthonormal basis of R", then the 
root system of £>„ is given by $ = {±6^ ± ej}. Let ai = ei — Cj+i for 1 < i < n — 1 
and a„ = e„_i-|-e„. The set A = {ai, . . . , an} is a set of simple roots in We have 
$ = $ and A = A. The highest root is /? = ai + 2(0:2 + . • . + a„_2) + Q!„_i + a„ = 



STRUCTURE OF THE UNRAMIFIED L-PACKET 



22 



ei + 62- The fundamental weights are 

a^fe = ei + . . . + Cfe for 1 < fc < n — 2 

Xn-l = ■^['^1 + . • ■ + f-n-1 - Cn) 

x„ = -(ei + . . . + e„-i + e„). 

Let wq be the generator of the 51(4') and let be the vector part. Then wq ■ a; = 
a„_j for 2 < i < n - 2, • ai = a„_i, ■ "n-i = i^o • (-/?) = and 
Wo - an = ai- Thus for y = (yi, . . . , 2/„) G M", wo-y = (j/n, -J/n-i, ~Vn^2, • ■ • , -J/i)- 

As a product of reflections = . . . S4 . . . S„_2StiS3 • • ■ Sn-lS2 • ■ • Sn-2SnSi . . . Sn-l- 

Write 

n 

1=1 

= (61,62, ••■,&«) 

for some Oi 6 Q and where bt — Ui + . . . + a„_2 + for 1 < z < n — 1 and 

bn = -ar.-1+an ^ rpj^^ g^g^ fundamental co- weight wi = si. Applying lemma [TBI to 
calculate c(cji,wo) we get 

c(wi,u;o) (s2...s„_i -a^Ajdi) 

= 61 - 5„ 

ai + . . . + a„_i. 

Since i/Jo ■ a;^ = a:^A, it follows that = a„_i for 2 < z < n — 2 and oq = ai = 
ftn-i ~ a-n- From this and the relation 

(7.5) flQ + ai + 2(02 + . . . + a„_2) + On-i + a,i = 1 

it follow that c{uji,wo) = \- Also {ui^Xn) — \. 

To compute c(a;i,WQ) and c{u}i,w^) we can use the co-cycle relation 17.21 
For r = G R\ we get 

c\{loi,wI) = ca(wi, Wo) + c^o.a(wi, Wo) 
= 61 - 6„ + 6„ + bi 
= 2bi. 

Now if wo^ • x\ = x\, then it follows ao = ai and a„_i = a„. From this and the 
relation [7.51 we get bi — ^ and therefore ca(wi,Wo) — 1. Also {lui,xi) = 1. 
For r = Wq G i?A we get 
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= 2bi + bn-bi 
= bn + bi. 

Now if Wf)^ ■ x\ = .ta, then it follows ao = fln-i = On-i = and ai — a„_i for 
2 < i < n — 2. From this and the relation 17.51 we get 6i + fe„ = ^ and therefore 
ca(wi,Wo) = \. Also (w„_i,a;i) = i. 

The calculation for other hyperspecial vertices follows by the same method. This 
completes the case of Dn when n is odd. 



1 .2.1 . n is even. In this case ri(^) is not cyclic. The non-trivial automorphisms of 
the extended Dynkin diagram are: 

• wi : {-/3} U A ^ {-/3}U A 

-/? i — > an, 
ai i — y an-i, 

O^i y OLn — i. 

• W2 ■ {-/3}U A ^ {-/3}U A 

~[3 i — > ai, 

ai i — > at. 

• W3 : {-/3}U A ^ {~/3}U A 

-P < — > an-i, 
ai i — y an, 
ai i y an—i. 

For the fundamental weight wi , we calculate cx [uji , w) for each w € {wi ,102,^3} 
and verify our result. 

wi : M" M" is the map (yi, . . . , ?/„) 1 — > {-yn, -yn-i, ~yi)- As a product 
of reflections wi = • • • 54 ■ • ■ s„_iS3 ■ • • s„_2S„S2 • • • Sn-i ■ • • si ■ • • s„_2S„. Applying 
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the lemma to calculate c(cji, wi) we get 

c(cJi,Wi) = {s2.-.Sn-2Sn-X\,ai) 

= ((^1, -bn, &2, ■ • ■ , bn-2, ^1 " £2) 

&1 + &n 

= ai H +a„_i. 

Since wi • xa — xx, it follows oq = a„ and ai = flji-i- From this and the relation 
17. 5|. we get that c(i:Lii,ti;i) = ^. Also, {wi,Xn) — \- 

m;2 : -)> M" is the map (j/i, . . . , ?/„) i — > 2/2, • • • , J/n-i, -Vn)- As a prod- 

uct of reflections W2 — si - ■ ■ Sn-2SnSn-i • • • si- Applying the lemma to calculate 
c{wi,W2) we get 

c{u!i,W2) = (a:A + S2 • • • s„_2S„s„-i • • • si • XA,ai) 

= ((&!,■ ■ ■ , bn) + (?^2, &3, • ■ • , &n-l, -&n), Cl - 62) 

= 26i. 

W2 • 2:a = x\ implies ao = oi and a„_i = a„. From this and the relation 17. 5i we 
get that c(wi,W2) — 1. Also, {wi,xi) = 1. 

W3 : M" ^ R" is the map (j/i, . . . , 2/„) i — > {yn, -2/ri-i, ■ • • , yi)- As a product of 
reflections W3 = s„_i • • • sis„ • • • s„S4 • • • s„_iS3 • • • s„_2S„S2 • • • Sn-i- Applying the 
lemma to calculate c(a;i,?i;3) we get 

c(wi,W3) = (s„ • • • S„S4 • • • S„_iS3 • • • S„_2S„S2 • • • s„-i • xa, ai) 

= ((foi, 6,1, -bn-i, -bn-2, • • ■ , -^^2), ei - £2) 

= fcl - bn 

= Oi + • ■ • + a„_i. 

Since W3 ■ x\ = x\ implies ao — a„_i and ai — a„. From this and the relation [731 
we get that c(a;i,u'3) = i. Also, (wi,a;„_i) = i. 

The calculation for other hyperspecial vertices follows by the same method. This 
completes the case of £)„ when n is even. 



7.2.8. Type Eq. Eq can be realized as a subspace of R*. A set of simple roots 
would then be A = {ai,...,a6} where ai ~ (— i, i, i, i, i, i, i, — i), a2 — 
(1,1, 0,0,0, 0,0, 0),a3 = (-i,i,-i,-i,-i,-i,-i,i),a4- (0,-1,1,0,0,0,0,0), 
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a5 = (0,0, -1,1, 0,0, 0,0), ae = (0,0,0,-1,1,0,0,0). The fundamental weights are 

XI = (0,0,0,0,0,-|-^,^) 

_ 1 1 1 1 1 1 11 

~ ^2' 2' 2' 2' 2'"2'"2^ 2'' 
_ 1 1 1 1 1 5 5 5 

^ "^"2' 2' 2' 2' 2'"6'"6'6^ 

X4 - (0,0,1,1,1,-1,-1,1) 

X5 = (0,0,0,1, 1,-|-|^) 
xe = (0,0,0,0,1,-^,-^,^). 

Let 13 denote the highest root. Let wo be the generator of the ^{^) and let 
Wo be the vector part. Then under the action of wq we have — /3 ai 
ae !->■ —/3 and a2 i->- as i->- as a2 . As a product of reflections, wq = 
S1SSS4S5S6S2S4S5S3S4S1S3S2S4S5SQ. Write 

6 

X\ — ^ ^ CiiXi 
i=l 

= {bi,b2,. ■ . ,bs) 

for some S Q and where hi denote the i*'* co-ordinate in the standard basis. 
Applying the lemma to calculate c{ijJe,wo) we get 

5(^6, Wo) = {xx + S2S4S5S3S4S1S3S2S4S5S6 ■ xx, ae) 

= 265 

= a2 + as + 2(a4 + a5 + ae)- 

From the relation 

(7.6) oo + oi + ag + 2(a2 + 03 + as) + 3a4 = 1 
and the relations 

(7.7) ao = ai = ae 



(7.8) a2 = as = as 

we get that c{we,wo) = §■ Also {uiq,xi) = |. 

The calculation for the other hyperspecial vertex is very similar. 

7.2.9. Type Ej. Er can be realized as a subspace of R^. A set of simple roots 
would then be A = {ai, . . . ,a6} where ai = (i, -\, -\, -\, \), = 

(1,1,0,0,0,0,0,0), as = (-1,1,0,0,0,0,0,0), a4 = (0,-1,1,0,0,0,0,0), as = 
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(0, 0, -1, 1, 0, 0, 0, 0), ae = (0, 0, 0, -1, 1, 0, 0, 0) and ay = (0, 0, 0, 0, -1, 1, 0, 0). The 
fundamental weights are 



Xi 


= (0,0,0,0,0,0,-1,1), 


Xl 


111111 

*-2' 2' 2' 2' 2' 2' 




111111 3 3 

~ ^ 2'2'2'2'2'2' 2'2 




= (0,0,1,1,1,1,-2,2), 


X5 


= (0,0,0,1, 1,1,-|^), 


xe 


= (0,0,0,0,1,1,-1,1), 


X7 


= (0,0,0,0,0,1, -ii). 



Let /3 denote the highest root. Let wq be the generator of the il(^) and let wq be the 
vector part. Then wq is of order two and it sends — /3 i— ay, ai i— > ae, H> as and 
it fixes a2 and a^. As a product of reflections 

Wq = S7SeS5S4S3S2SiS4S3S5S4S2SeS5S4S3SiS7SeS5S4S2S3S4S5SeS7. Write 

6 

XX — ^ ^ CliXi 
i=\ 

= (6i,62,-.-,&8) 

for some G Q and where hi denote the i*'* co-ordinate in the standard basis. 
Applying the lemma to calculate c(cj7, wq) we get 

c(a;7, Wo) = (xA + S6S5S4S2S3S4S5S6S7 • a;A + 

S6S5S4S3S2S1S4S3S5S4S2S6S5S4S3S1S7S6S5S4S2S3S4S5S6S7 • a;A,«7) 
= 266 - &7 + ^^8- 
From the relations 

(7.9) flo + 2ai + 2a2 + 3a3 + 4a4 + 3a5 + 2a6 + 07 = 1, 

(7.10) ao = 07; ai = ag; 03 = 05 

we get that c(a;7,?«o) = §■ Also (^7,^7) = |. This completes the case of E^. 

7.2.10. Types A^n-iin > 3) and •^Z?„+i(n > 2). The relative root system for 
'^A2n-i{n > 3) is of type Bn and that ^Dn+i{n > 2) is of type C„. So the 
calculations in these cases are the same as in the unramified case. 
This completes the proof of the Proposition [7] and [TUl 
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